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Let GN be the critical Galton-Watson branching process with N initial
particles and let the number of offspring of each particle be a random variable
ξ following the distribution

pk = P {ξ = k} =
1

(k + 1)τ
− 1

(k + 2)τ
, k = 0, 1, 2, . . . (1)

The processGN induces a conditional probability distribution on the subset
FN,n of its trajectories with N+n vertices provided that the number of vertices
is equal to N + n. We denote by FN,n the thus constructed Galton – Watson
forest with N trees and n non-rooted vertices. The Galton – Watson forests
with N trees and n non-rooted vertices were studied by Pavlov [1] as N,n→∞
and the third moment of the offspring distribution was finite.

It is easy to show that m = Eξ = ζ(τ) − 1, where ζ(x) =
∞∑
k=1

k−x is

the Riemann zeta – function. Since the branching process GN is critical, the
equality m = 1 holds and the value of the parameter τ is determined by the
relation ζ(τ) = 2, therefore τ ≈ 1.728. For this value of the parameter the
offspring distribution (1) has only the finite first moment and such Galton –
Watson forest has not been studied yet.

In [1] it was shown that the forest class FN,n corresponds to the Galton
– Watson branching process GN (λ) with N initial particles and the offspring
distribution

pk(λ) =
λkpk
F (λ)

, k = 0, 1, 2, . . . , 0 < λ 6 1, (2)

where F (z) =
∞∑
k=0

pkz
k. The process GN (λ) consists of N independent

processes G(1)(λ), G(2)(λ), . . . , G(N)(λ) starting with one particle. We de-
note by ν(1), ν(2), . . . , ν(N) independent identically distributed random vari-
ables equal to the numbers of particles that existed in the processes
G(1)(λ), G(2)(λ), . . . , G(N)(λ) before they degenerate, and let νN be a ran-
dom variable equal to the total number of particles that existed in the process
GN (λ) before its degeneration, νN = ν(1) + ν(2) + . . .+ ν(N).

Let ν1(F), ν2(F), . . . , νN (F) be random variables equal to the tree sizes in
the forest FN,n. In [1] it was shown that

P {ν1(F) = k1, . . . , νN (F) = kN}

= P
{
ν(1) = k1, . . . , ν

(N) = kN |νN = N + n
}
.

(3)
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The equality (3) means that the random variables ν1(F), ν2(F), . . . , νN (F) and
ν(1), ν(2), . . . , ν(N) form a generalized allocation scheme (Kolchin [2]). The use
of the generalized allocation scheme method allows to reduce the problem with
dependent random variables to the study of independent random variables,
while the value of the parameter of their distribution can be chosen in the
most convenient way. We assume that the parameter λ of the distribution (2)
is equal to the solution of the equation

λF
′
(λ)

F (λ)
=

n

N + n
.

Let η(F) be a random variable equal to the maximum tree size in a Galton
– Watson forest FN,n.

The following statement was obtained.

Theorem. Let N,n, r → ∞ in such a way that n/N → ∞, n/Nτ → 0.
Then

P {βη(F)− u 6 z} → e−e
−z

,

where β = ln (F (λ)/λ) , u is chosen so that NC(τ)β1/τu−(1+1/τ)e−u = 1,

C(τ) =
Γ(1/τ) cos(π(2− τ)/2τ)

πτ (Γ(1− τ) cos(πτ/2))1/τ
.

The idea of proof is the following. From (3) the equality

P {η(F) 6 r} = (1− Pr)N
P {νr,N = N + n}
P {νN = N + n}

was derived [2], where

Pr = P
{
ν(1) > r + 1

}
, νr,N = ν(1)r + . . .+ ν(N)

r ,

ν
(1)
r , . . . , ν

(N)
r are independent random variables following the distribution

P
{
ν(i)r =k

}
=P

{
ν(1) =k | ν(1) 6 r + 1

}
, k=1, 2, . . . , i=1, . . . , N.

To obtain the limit distribution of η(F) it is enough to find the asymptotic
behavior of the binomial (1− Pr)N and probabilities P {νr,N = N + n} and
P {νN = N + n}.
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