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Characterization

Using one of the most famous characterization for exponential
distribution family, which belongs to Desu M.M. (1971), we can get the
characterization for Rayleigh distribution family:

Theorem

Let X and Y be positive independent identically distributed (iid)
nonnegative random values(rv's) with a continuous df R. Then

X <2 min(X,Y) (1)

if and only if R belongs to the Rayleigh family of df's with scale
parameter o > 0 having the density r(z,0),0 € R, where

22
r(z,0) = %eiﬁ. (2)
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Building of statistics

We have built two criteria based on this characterization:
IUl,n — /(Fn(f) - Uln(f))an(f)
0

and
KUl,n = sup ‘Fn(t) - Ul,'rl (t)|7

t>0

where F,,(t) is the usual edf, and Uy ,,(t), t € R, is the U-empirical df
for the v/2 - min(X,Y):

U17n(15)<;)1 3 1{\/§~min(Xi,Xj)<t}

1<i<j<n
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Special property

Below we consider a special property of the Rayleigh family and build
another two tests.

Theorem

Let X,Y be two nonnegative iid rv's with a df F, which belongs to the
Rayleigh family. Then Z = % has the following df:

t2

(3)

(Massom Ali, Nadarajah, Woo (2005) )

In fact this property in not a characterization of Rayleigh law, because it
is possibly to construct non-Rayleigh densities for X and Y under which
X/Y still has the same df. Thereby, this will lead to inconsistency of tests
based on this property against certain alternative. However, according to
the usual concepts of testing statistical hypotheses, the evidence can be
sufficient only for the rejection of the null-hypothesis Hy.
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Building of statistics

Now construct two criteria based on this special property:

T t2 2
IUQﬁn = / (U2,n,(t) — Ht2> te_jdt

o

and
t2
KUy, =sup (U p(t) — —— |,
2, :I;I(; 2.n(t) 12|
whereF), (t) is still the usual edf, and Us ,,(t), t € R, is the U-empirical
df for X/Y:

¥ <t} +I{F <t
Upn) = ()7 > (= }2{X,L }

1<i<j<n
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Building of statistics

Let X4,..., X, bei.i.d. observation with density f. We are testing
null-hypothesis
HO : f(fﬂ) - T’(CE,U),O’ > Oa

where r(x,-) is the density for Rayleigh family (2). Previously we
constructed four criteria, which will use for testing the null-hypothesis Hy
against some close alternatives described below. Also according to the
Glivenko-Cantelli theorem for U-empirical df’s, under Hy the statistics
1U, and QU,, should be small.



New Scale-free Goodness-of-fit Tests for Rayleigh Distribution Based on Some Characterization and Some Special Property.

Bahadur's Theorem

We will compare our tests using the well-known Bahadur efficiency. The
crucial notion there is the so-called exact slope.

Theorem

Bahadur Theorem.
Suppose that the sequence of statistics T,, satisfies the following
conditions:

[ YA b(0), 0 € O1, where —oo < b(f) < oo, and

Q lim n 'InPy(T,, > 2) = —k(2) for each § € O and any z from

n— oo
an open interval I, on which function k is continuous and

{b(0),0 € ©,} C I.

Then for all § € ©1, the exact slope c(0) exists and can be calculated as

er(8) = 2k(b(9)).
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Bahadur efficiency

Now we introduce the Kullback-Leibler information for the composite
null-hypothesis for any alternative density f(z,6) :

K(6) = inf / In f((j’gf(x,a)dx, (4)

where r(z,0) = Serp(— 202) The exact slopes always satisfy the
inequality
cr(0) < 2K(9),

so the local Bahadur efficiency of the sequence of statistics T}, is defined
as

effr= hin QK((QFJ)) (5)
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Alternative densities

We present the alternative densities f;(x,0), xz€R,i=1,2,3
@ Weibull alternative with the density:

146 2(140)
fi(a,0) = wxwﬂew (_I) .

20 21+6

@ Lehman or Verhulst alternative with the density

M)

x

12 6
folz,0) = (1 +0)f(2)F*(z) = (1 + O)ze™ = (1 - e-‘T)

© Gamma alternative with the density:

1,2
2 tle—F

z,0) = ———
fa(@.0) = Sar (2+1)
@ Rice alternative with the density
2 92
fa(z,0) =2 -exp <—($_2|—)> Iy(x - 0),

where Iy(-)—is the modified Bessel function of the first kind with

RN
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Kullback-Liebler information

Now express the Kullback—Leibler distance K () between alternative and

the composite null-hypothesis Hy (see Eq. 4). Moreover, the infimum in
(oo}

equation 4 is obtained for 0% = 1 [ 22 f(z,0)dx.
0

For a given density f(x,0), when 6 — 0

&5 2

2K (6) = 6% | 1,(0) - / <\%>2 £i(z,0)dz | | +o0(6?),
0

where I¢(0) is the Fisher information at zero for the density f(x,6),

which is equal to
| fo(x, 0)[?
1;(0) = / Hole, 017 5
0= ] e
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Kullback-Liebler information

However, this asymptotic 2 is not enough for Rice alternative, because
f1.6(2,0) = 0. In case of this densities we get the follow:

K4(0) = 135 - 0% + 0(6%). For other alternatives collect the
Kullback-Liebler information in table below:

Table: The Kullback-Liebler information as 6 — 0.

Alternatives f1 fa f3
260 | w0t | (5 -5) 0] (5 -1) 0
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Integral statistic [Uj .

Consider the auxiliary function g(z,y;2) = 5 — 1 {f min(z,y) < z}
The integral statistic IUy ,, is asymptotlcally equivalent to the U-statistic
of degree 3 with the centered kernel

1

= (9@, ys2) + 9y, z0) + g, 2;9)).

Ql(x,y,z) = 3

Lets calculate the projection of this kernel:

o~
S

Uy (t) = B (91 (XY, Z)|Z = t) = _%+§

I\/‘

|
O =

3

v

>0

Now calculate the variance of this projection:

A? = BU3(X) ~ 0.00291,
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Integral statistic [Uj .

Thereby our kernel ®; is non-degenerate, and by Hoeffding's theorem
one has:

Vi TUL, 5 N (0,9A2)

Moreover kernel ®; is cental and bounded, we can describe the
logarithmic large deviations of U —statistics with such kernels:

For any t > 0,

lim n~'InP(IU;, > t) = hy ()

n— oo

where h is some continuous function such that
hl(t)NflstT%, as t*}O
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Integral Statistic /U ,,. Bahadur efficiency.

Now we are able to calculate the local Bahadur exact slope ¢y, (6) of
the sequence of statistics {IU7 ,, }:

b2, (0
cru, () ~ 155(2)’ as 0 — 0,where by, (0) =Eg (91(X,Y, 2)).

Notice, for alternative f;,i = 1,3 the asymptotic of c¢(#) is 62, but for
Rice alternative f5 the asymptotic is #°. Thereby now we can calculate
the local Bahadur efficiency for our alternative distributions:

i 10, (0 p—
effIUl(fi):gi_r)f(l);;g(é)), i=1.4
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Integral statistics 1Us,,.

The integral statistic IUs; ,, is asymptotically equivalent to the U-statistic
of degree 2 with the centered kernel:

132 1/2
e 27 fe 22 \JeEi(-1)
2(x,y) = 5 -1

where Ei(—1) is exponential integral in point -1/2. Calculate the
projection of this kernel:

Us(t) = E (0(X, Y)Y = t) = 1<lftg+ﬂq()> (\[E;( §)+1)

where K (t)-modified Bessel functions of the second kind. Now
calculate the various of this projection:

A2 =E¥3(X) ~ 0.000314
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Integral statistics [Us,,.

Thereby our kernel ®5 is non-degenerate, and by Hoeffding's theorem
one has:

ViU, 5 N (0,4A2)

Moreover kernel ® is cental and bounded, we can describe the
logarithmic large deviations of U —statistics with such kernels:

For any t > 0,

le n~tinP(IUs, > t) = ha(t)

where h is some continuous function such that

2
ha(t) ~ 78?T§’ as t—0.
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Integral Statistics 1Us,. Bahadur efficiency.

The statements for integral statistics IUs; ,, is quite similar with IU ,,.
So write it quite briefly: The local Bahadur exact slope ¢y, (0) of the
sequence of statistics {IUs ,, }:

biu, (9)
4A?

CIU, (9) ~ , as 0 — O,Where b[U2 (9) = ]Ee ((I)Q(X7 Y, Z)) .

Local Bahadur efficiency:

ef fro(fs) = tim erv2(0)

GIU ) = T,4.
650 2K,(0) 0 T
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Local Bahadur efficiency for IU; ,, and IU;,,.

Collect the exact local Bahadur slope and the values of Local Bahadur
efficiency for our statistics in table:

Table: Local Bahadur efficies for integral statistics.

IUl,n IU2,n
Alternatives c(0) eff c(0) eff
1 1.1466 - 6% | 0.697 | 1.3197 -6 | 0.802
fo 0.4714 -2 | 0.807 | 0.0506 - 42 | 0.087
fs 0.1274-6% | 0.198 | 0.014-6% | 0.022
fa 0.0023 - 6% | 0.149 | 0.0045 - 6% | 0.288




New Scale-free Goodness-of-fit Tests for Rayleigh Distribution Based on Some Characterization and Some Special Property.

Kolmogorov type statistics KU, and KUs,,.

We return to the Kolmogorov type statistic KU ,,. Unfortunately, its
limiting behavior is unknown, but it is still possible to calculate the
logarithmic large deviations asymptotics under Hy. These statistics are
the supremum by t of the family of absolute values for U— statistics with
the kernels: for KU, ,,:

D (X,Y;1) = % (H{z <t} +1{y < t}) —1{\/§-min(a:,y) < t},

and for KU :

1 T Y t?
(X, Y31) = 5 (1{y <t}+1{x <t}> e
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Kolmogorov type statistics KU, and KUs,,.

Lets calculate the projection for each kernel and the variance for each

projection:
Uyi(s;t) =E(P1(X,Y50)]Y =3s) =

1 2 1 t 2
—|l1s<ty—e 2 — )+1 §>—=re 1,
2({ J { ﬁ}

and
s2 1242 t2
To(s;t) = E(Do(X, Y)Y =) = (@—m 11— e—T) S

DN | =

(t) = sup EWH(X5t), i=1,2;

>0
1 2 2 1
i=1, A%, =sup| e’ <(7 - 1> = — in point t = \/2In(2).
oo \4 16
, , t— 122 (t 4+ 1)%(¢* + 32 4+ 1
i=2, Ay, =sup | —— (2 ) g )°( ' ) i
424+ 124+ 2) 2 —t+ (2 +t+1)(2t2+ 1)

>0
= 0.00954; in points t = 0.445 & t=2.257

Now variances A%, = sug Ay,
t>
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Kolmogorov type statistics KU, and KUs,,.

Thereby our families of kernels are non-degenerate and also centred and
bounded, we can apply, under Hy, the theorem on logarithmic large
deviation asymptotics for U— empirical Kolmogorov statistics. We obtain
the following result:

for any z > 0 lim,, o n ' InP{KU,,, > 2} = k;(2), where k; is some

. . 2
continuous function, such that k;(z) ~ —gx5— as z — 0.
KU;
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The local Bahadur exact slope of KU, and KU,,,.

Using this theorem we get the following formula for the exact slope of
Kolmogorov type statistic: We get the following formula for the exact
slope of Kolmogorov type statistic

b%\’U{, (9)

KU 50, i=1,2.
4A§(U,

CKU; (9 f) ~

where
bru(0) = sup |b(6;t)] = sup [Eg (P1(X,Y;t)) |
t>0 >0

Similarly with case of integral statistics the local exact slope for Rice
alternative (f5) has the asymptotics #%, 6 — 0; for other alternatives
asymptotics is common 02, § — 0.
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Bahadur efficiency of KU, , and KUs,,.

Collect the exact local Bahadur slope and the values of Local Bahadur
efficiency for our statistics in table:

Table: Local Bahadur efficies for Kolmogorov type statistics.

KUl,n KUQ,n
Alternatives c(0) eff c(0) eff
f 0.2601-62 | 0.158 | 1.3134-6% | 0.798
fo 0.1054 -2 | 0.181 | 0.518-6% | 0.886
f3 0.028 - 6% | 0.043 | 0.564-6% | 0.821
fa 0.0085- 6% | 0.544 | 0.0038 - 6% | 0.243
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Conclusion

Let us collect all efficiencies of our tests and compare them:

Table: Local Bahadur efficiencies for test statistics.

Alternatives
f1 f2 f3 fa
IU; | 0.697 | 0.807 | 0.198 | 0.149
IU; | 0.802 | 0.087 | 0.022 | 0.288
KU, | 0.158 | 0.181 | 0.043 | 0.544
KU, | 0.798 | 0.886 | 0.821 | 0.243

We can see that almost in all cases the test statistics based on special
property are more efficient than the tests, based on characterization.
However in case of Rice alternative the test is the most efficient. Also we
can see that Kolmogorov type test, based on special property has a high
efficiency, that is unexpected result in test comparison by efficiency.



