
Motivation The main results Markov Chains in Random Environments The sketch of the proof

On the stability of some

queuing models 1

Attila Lovas1,2, Miklós Rásonyi1
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Introduction

Queuing models have been widely applied in engineering and
management sciences including but not limited to

facility and service design,

traffic control and scheduling,

analysis of telecommunication networks.

We analyze single-server queuing systems with...

Requests numbered by n ∈ N

Buffer having

infinite capacity

Server following

FIFO service discipline
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The inter-arrival and service times:

Zn ∈ R+ is the time between the arrival of n-th and
(n + 1)-th requests,

Sn ∈ R+ denotes the service time of the n-th request.

Starting with an empty queue, the sequence of waiting times
(Wn)n∈N satisfies the Lindley recursion

Wn = (Wn−1 + Sn−1 − Zn)+, n > 0

W0 = 0.

Further notations:

B(R+) is the Borel σ-algebra of R+.

For an R+-valued r.v. X , L(X ) denotes its law on B(R+).

Let P be the set of Borel probability measures on R+.

We will use the total variation metric:

dTV (µ1, µ2) = |µ1 − µ2|(R+), µ1, µ2 ∈ P.
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Stability of waiting times

Definition

We say that the sequence of waiting times is stable if there exist a
unique probability measure µ∗ ∈ P such that dTV (L(Wn), µ∗)→ 0
as n→∞, whatever the initialization W0 is.

Theorem (Loynes, 1962)

Assuming that the process (Sn,Zn)n∈Z is strongly stationary and
ergodic, the following holds:

1 E(S0) < E(Z0) ⇒ (Wn)n∈N is stable (sub-critical queues)

2 E(S0) > E(Z0) ⇒ (Wn)n∈N is unstable (super-critical queues)

3 E(S0) = E(Z0) ⇒ (Wn)n∈N can be stable, properly substable,
or unstable (critical queues)

From now on, we will work in the sub-critical regime.
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What we know about the speed of
convergence?

If (Sn)n∈Z, (Zn)n∈Z are i.i.d. sequences, independent of each other, then
(Wn)n∈N is a Markov chain satisfying the Doeblin condition.

⇒ Geometric rate of convergence can be established.

However, if (Sn,Zn)n∈Z is merely stationary and ergodic, then the only
bound which we have found is

dTV (L(Wn), µ∗) ≤ P

 min
0<k<n

k∑
j=1

ξj > max

W1, ξ0 + sup
k∈N

k∑
j=1

ξ−j

 ,

where ξn = Sn − Zn+1, n ∈ Z.

1 This bound is not a concrete and explicit rate estimate.

2 It is inappropriate for statistical analysis.
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Dependent queuing

The non-i.i.d. setting is interesting because...

1 dependence arises often in queuing networks where arrival
processes are departure processes of other queues,

2 processing operations like batching or the presence of multiple,
different classes of requests can also cause dependence.

What makes it challenging is that (Wn)n∈N fails to be Markovian.

We assume that (Sn)n∈Z and (Zn)n∈Z are strongly stationary,
ergodic and independent of each other.

We consider two interesting cases:

I G/GI/1/∞ queuing: (Zn)n∈Z is i.i.d.

II GI/G/1/∞ queuing: (Sn)n∈Z is i.i.d.

but (Sn)n∈Z and (Zn)n∈Z are not required to be i.i.d. at the same
time.
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Definition

A sequence (Yn)n∈N of real-valued random variables satisfies a
Gärtner-Ellis-type condition (G-Ec) if there is η > 0 such that the
limit

Γ(α) := lim
n→∞

1

n
ln E

[
eα(Y1+...+Yn)

]
exists for all α ∈ (−η, η) and Γ is differentiable on (−η, η).

Assumption (for G/GI/1/∞ queuing)

The sequence of service times (Sn)n∈N is uniformly bounded,
satisfies the G-Ec, and P(Z0 > z) > 0 for all z > 0.

Assumption (for GI/G/1/∞ queuing)

The sequence of inter-arrival times (Zn)n∈N is bounded, satisfies
the G-Ec, and ∃β0 > 0 E[eβ0S0 ] <∞ moreover L(S0) has a density
s 7→ f (s) (w.r.t. the Lebesgue measure) which is bounded away
from 0 on compact subsets of R+.
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Theorem

Under our standing assumptions, either family of conditions holds,
there exists a probability µ∗ on P such that

dTV (L(Wn), µ∗) ≤ c1 exp
(
−c2n

1/3
)
,

for some c1, c2 > 0. Furthermore, for an arbitrary measurable and
bounded Φ : R+ → R,

Φ(W1) + . . .+ Φ(Wn)

n
→
∫
R+

Φ(z)µ∗(dz),

in probability.

This result opens door to the statistical analysis of G/GI/1/∞ and
GI/G/1/∞ queuing models transcending the standard case with
i.i.d arrival and service times.
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Let Q : R+ × R+ × B(R+)→ [0, 1] be a mapping such that

i for all B ∈ B(R+) the function (x , y) 7→ Q(x , y ,B) is
B(R+)⊗ B(R+)-measurable and

ii for all (y , x) ∈ R+ × R+, B 7→ Q(y , x ,B) ∈ P.

Let Y : Z× Ω→ R+ be a strongly stationary stochastic process.

We will consider R+-valued process (Xn)n∈N such that
X0 = x0 ∈ R+ is fixed and for n ∈ N,

P(Xn+1 ∈ B | σ(Xs , 0 ≤ s ≤ n; Ys , s ∈ Z)) = Q(Yn,Xn,B) P−a.s..

We interpret the process (Xn)n∈N as a Markov chain in a
random environment (MCRE) driven by the process (Yn)n∈Z.

What makes G/GI/1/∞ and GI/G/1/∞ queuing amenable to
analysis? ⇒ The key observation: Both of these processes is
a MCRE.

A. Lovas, M. Rásonyi Stability of queuing 10 / 23



Motivation The main results Markov Chains in Random Environments The sketch of the proof

Lemma

For G/GI/1/∞ queuing, (Wn)n∈N is a MCRE, where (Zn)n∈Z is the
driving noise and (Sn)n∈Z is the random environment, and vica versa, for
GI/G/1/∞ queuing, the sequence of waiting times is also a MCRE with
driving noise (Sn)n∈Z and random environment (Zn)n∈Z.

Proof.

We prove the latter case only. By the Lindley recursion and the
independence of service times, we have

P (Wn+1 ∈ A | σ(Wi , 0 ≤ i ≤ n; Zm, m ∈ Z)) =

= P ((Wn + Sn − Zn+1)+ ∈ A | σ(Wi , 0 ≤ i ≤ n; Zm, m ∈ Z))

=

∫
R+

1(Wn+s−Zn+1)+∈A f (s)ds = Q(Zn+1,Wn,A),

where f is the density function of Law(S0), and the parameterized kernel
Q is given by Q(z ,w ,A) := P

[
(w + S0 − z)+ ∈ A

]
.
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Ergodicity and stability of MCREs

Assumption (Foster–Lyapunov-type drift condition)

A) There exist measurable functions V ,K , γ : R+ → R+ such that∫ ∞
0

V (s)Q(y , x ,ds) ≤ γ(y)V (x) + K (y) x , y ∈ R+.

B) Furthermore, γ̄ := lim supn→∞ E1/n
(
K (Y0)

∏n
k=1 γ(Yk)

)
< 1.

Assumption (Minorization condition)

A) For some 0 < ε < 1/γ̄1/2 − 1, there is a measurable function
α : R+ → (0, 1) and a probability kernel κ : R+ × B(R+)→ [0, 1] such

that, for all y ∈ R+, A ∈ B(R+), and R(y) = 2K(y)
εγ(y)

inf
x∈V−1([0,R(y)])

Q(y , x ,A) ≥ (1− α(y))κ(y ,A).

B) Furthermore, limn→∞ E1/nθ [α(Y0)n] = 0 holds for some 0 < θ < 1.

A. Lovas, M. Rásonyi Stability of queuing 12 / 23



Motivation The main results Markov Chains in Random Environments The sketch of the proof

Ergodicity and stability of MCREs

Theorem

Under our assumptions, there exists a probability law µ∗ ∈ P such
that

dTV(Law(Xn), µ∗) ≤ C0

(
e−ν1n2/3

+
∞∑
k=n

E
ν2
kκθ [αkκ−1(Y0)]

)

holds for all n ∈ N, with some C0, ν1, ν2 > 0, where κ := 1
3(1−θ) .

If Y is ergodic, then for any bounded and measurable Φ : R+ → R

Φ(X1) + . . .+ Φ(Xn)

n
→
∫
X

Φ(z)µ∗(dz), n→∞

holds in probability.
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We prove the GI/G/1/∞ case.

The analogue statement for G/GI/1/∞ queuing can be proved
along similar lines.

Let us recall the assumptions:

The sequence of inter-arrival times (Zn)n∈Z is bounded,
stationary, ergodic, and satisfies the G-Ec.

The sequence of service times (Sn)n∈Z is

i.i.d. and independent of (Zn)n∈Z.
∃β0 > 0 E[eβ0S0 ] <∞,
L(S0) has a density s 7→ f (s) (w.r.t. the Lebesgue measure)
which is bounded away from 0 on compact subsets of R+.

The following lemmas ensure that both the Foster-Lyapunov drift
condition and the minorization condition holds.
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Lemma (Drift condition, part A))

For β̄ > 0, we define V (x) = e β̄x − 1. Then∫ ∞
0

V (s)Q(y , x ,ds) ≤ γ(y)V (x) + K (y) x , y ∈ R+.

holds with K (z) := γ(z) := e−β̄zE
(
e β̄S0

)
.

Proof.∫ ∞
0

V (s)Q(y , x , ds) = E
(
e β̂(x+S0−z)+ − 1

)
≤ E

(
e β̂(x+S0−z)

)
= e−β̄zE

(
e β̄S0

)
V (x) + e−β̄zE

(
e β̄S0

)
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Lemma (Drift condition, part B))

There exists β̄ > 0 such that

γ̄ := lim sup
n→∞

E1/n

(
K (Z0)

n∏
k=1

γ(Zk)

)
< 1.

Proof.

An equivalent formulation of the statement is

∃β̄ > 0 s.t. lim sup
n→∞

1

n
logE

[
e β̄

∑n
j=1(Sj−Zj )

]
︸ ︷︷ ︸

we define =:λn(β̄)

< 0,

where these λn are convex, moreover the point-wise limit
λ(β) := limn→∞ λn(β) = Γ(−β) + logE

(
eβS0

)
exists and finite for

|β| < min(η, β0/2).
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Proof (Cont.)

For 0 < β < min(η, β0/2), we define

ψn(β) :=
1

β
E
(
eβ

∑n
j=1(Sj−Zj ) − 1

)
.

By the Lagrange mean value theorem and measurable selection,
there exists a random variable ξn(β) ∈ [0, β] such that

ψn(β) = E

 n∑
j=1

(Sj − Zj)

 eξn(β)
∑n

j=1(Sj−Zj )

 .
which is integrable. Hence reverse Fatou’s lemma shows that

lim sup
β→0+

ψn(β) ≤ E

 n∑
j=1

(Sj − Zj)

 = nE(S0 − Z0) < 0.
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Proof (Cont.)

From this follows that, for all n ≥ 1,

λ′n(0) ≤ E(S0 − Z0) < 0.

By the Gärtner-Ellis-type property of (Zn)n∈N,

λn(β)→ λ(β) for 0 < β < min(η, β0/2).

Furthermore, the convexity of λns implies that λ′n(0)→ λ′(0)
hence λ′(0) < 0.

To sum up, we obtained

λ(0) = 0 and λ′(0) < 0

which shows that there exists β̄ > 0 satisfying λ(β̄) < 0 which
proves our claim.
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Lemma (Minorization condition, part A))

Let M > 0 be such that Ran(Z ) ⊂ [0,M], and ε = 1
2

(
γ̄1/2 − 1

)
.

Then there exists h > 0 and α ∈ (0, 1) such that

inf
w∈V−1([0,R(z)])

Q(z ,w ,A) ≥ (1− α)Leb(A ∩ [h, h + 1])

Proof.

Observe that R(z) = 2K (z)/(εγ(z)) = 2/ε does not depend on z .

w ∈ V−1([0,R(z)])⇔ 0 ≤ w ≤ 1

β̄
log

(
2

ε
+ 1

)
Let h := (1/β̄) log (2/ε+ 1). So, we can write

inf
w∈[0,h]

Q(z ,w ,A) = inf
w∈[0,h]

P
(
(w + S0 − z)+ ∈ A

)
≥ inf

w∈[0,h]
P (w + S0 − z ∈ A)
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Proof(Cont.)

inf
w∈[0,h]

P (w + S0 − z ∈ A) = inf
w∈[0,h]

∫
A

f (s + z − w)ds

≥ inf
w∈[0,h]

∫
A∩[h,h+1]

f (s + z − w)ds

≥
[

inf
v∈[0,M+h−1]

f (v)

]
Leb(A ∩ [h, h + 1]),

where we used that f : [0,∞)→ (0,∞) is bounded away from zero
on [0,M + h − 1] which is a fixed compact set since M and h
depends only on the distribution of S0 and Z0.

So, the minorization condition holds with
α = 1− infv∈[0,M+h−1] f (v) and h := (1/β̄) log (2/ε+ 1).
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Lemma (Minorization condition, Part B))

limn→∞ E1/nθ [α(Z0)n] = 0 for some 0 < θ < 1.

Proof.

In our case 0 < α < 1 is a constant hence the claimed identity
trivially holds for any 0 < θ < 1.

Thank you for your attention!
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Figure: Police dogs in China queuing up for their food.2

2The picture is taken from
https://www.awesomeinventions.com/queueing-police-dogs-in-china/
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