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INTRODUCTION

Queuing models have been widely applied in engineering and
management sciences including but not limited to

o facility and service design,
o traffic control and scheduling,

@ analysis of telecommunication networks.

We analyze single-server queuing systems with...

Requests numbered by n € N —

Buffer having Server following
infinite capacity FIFO service discipline
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The inter-arrival and service times:

o Z, € R, is the time between the arrival of n-th and
(n + 1)-th requests,
e 5, € R, denotes the service time of the n-th request.

Starting with an empty queue, the sequence of waiting times
(W) nen satisfies the Lindley recursion
Wn - (Wn—l + Sn—l - Zn)-‘rv n>0
Wo = 0.
Further notations:
e B(R.) is the Borel o-algebra of R .
e For an Ry-valued r.v. X, £(X) denotes its law on B(R.).

@ Let P be the set of Borel probability measures on R..
o We will use the total variation metric:

drv(p1, p2) = |1 — p2|(Ry), p1, p2 € P.
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STABILITY OF WAITING TIMES

DEFINITION

We say that the sequence of waiting times is stable if there exist a
unique probability measure p,. € P such that dry(L(W,), ps) — 0
as n — 0o, whatever the initialization W is.

4

THEOREM (LOYNES, 1962)
Assuming that the process (Sp, Zn)nez Is strongly stationary and
ergodic, the following holds:
Q@ E(So) < E(Z0) = (Wh)nen is stable (sub-critical queues)
@ E(So) > E(Zo) = (Wh)nen is unstable (super-critical queues)
@ E(So) = E(Z0) = (Wh)nen can be stable, properly substable,
or unstable (critical queues)

From now on, we will work in the sub-critical regime.
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WHAT WE KNOW ABOUT THE SPEED OF

CONVERGENCE?

If (Sn)nez, (Zn)nez are i.i.d. sequences, independent of each other, then
(Wh)nen is a Markov chain satisfying the Doeblin condition.

= Geometric rate of convergence can be established.

However, if (S,, Zn)nez is merely stationary and ergodic, then the only
bound which we have found is

dTV(E(Wn)aM*) > min Z{l > max W1;§o + Sung )

O<k<n

where £, = S, — Zp41, n € Z.

© This bound is not a concrete and explicit rate estimate.

@ It is inappropriate for statistical analysis.
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DEPENDENT QUEUING

The non-i.i.d. setting is interesting because...

@ dependence arises often in queuing networks where arrival
processes are departure processes of other queues,

@ processing operations like batching or the presence of multiple,
different classes of requests can also cause dependence.

What makes it challenging is that (W,),en fails to be Markovian.

We assume that (S,)nez and (Z,) ez are strongly stationary,
ergodic and independent of each other.

We consider two interesting cases:
@ G/Gj/1/o0 queuing: (Z,)nez is i.i.d.
@ G;/G/1/oo queuing: (Sp)nez is i.i.d.

but (Sp)nez and (Z,)nez are not required to be i.i.d. at the same
time.
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DEFINITION

A sequence (Y,)nen of real-valued random variables satisfies a
Gartner-Ellis-type condition (G-Ec) if there is 7 > 0 such that the
limit

MNa):= lim 1 InE [ea(yﬁ“"LY”)}

n—oo n

exists for all a € (—n,n) and T is differentiable on (—n, 7).

ASSUMPTION (FOR G/Gj/1/00 QUEUING)

The sequence of service times (Sp)nen is uniformly bounded,
satisfies the G-Ec, and P(Zy > z) > 0 for all z > 0.

ASSUMPTION (FOR G;/G/1/00 QUEUING)
The sequence of inter-arrival times (Z,)nen is bounded, satisfies
the G-Ec, and 35y > 0 E[e®>] < 0o moreover L(Sp) has a density

s+ f(s) (w.r.t. the Lebesgue measure) which is bounded away
from 0 on compact subsets of R, .
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THEOREM

Under our standing assumptions, either family of conditions holds,
there exists a probability p. on P such that

drv(L(Wh), ps) < c1exp (—C2n1/3> ,

for some c1, co > 0. Furthermore, for an arbitrary measurable and
bounded ¢ : R, — R,

O(WL) + ... + (W)
- - . ®(z)p(dz),

in probability.

This result opens door to the statistical analysis of G/G;/1/o0 and
G;/G/1/00 queuing models transcending the standard case with
i.i.d arrival and service times.
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Let @: Ry x Ry x B(Ry) — [0,1] be a mapping such that
@ for all B € B(R) the function (x,y) — Q(x,y, B) is
B(R4+) ® B(R)-measurable and

@ forall (y,x)eRy xRy, B— Q(y,x,B) € P.

Let Y :Z x Q — R be a strongly stationary stochastic process.
We will consider R ;-valued process (X,)ncn such that

Xo = x0 € Ry is fixed and for n € N,

P(Xpp1 € B|o(Xs, 0<s<n; Ys, s € Z)) = Q(Yn, Xn, B) P—ass..

We interpret the process (Xj)nen as a Markov chain in a
random environment (MCRE) driven by the process (Y},)nez.

What makes G/G;/1/c0 and G;/G/1/c0 queuing amenable to
analysis? = The key observation: Both of these processes is
a MCRE.
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LEMMA

For G/Gy/1/00 queuing, (Wp)nen is @ MCRE, where (Z,)nez is the
driving noise and (S,)ncz is the random environment, and vica versa, for
G;/G/1/oo queuing, the sequence of waiting times is also a MCRE with
driving noise (Sp)ncz and random environment (Z,)nez.-

PRrROOF.

We prove the latter case only. By the Lindley recursion and the
independence of service times, we have

P(Wp1 €A|la(W,,0<i<n Zn, meZ)) =
=P(W,+ Sy —Zyp1)+ €Alo(W;,0<i<n; Zpn, meZ))

_ /R Ly sz, en F(5) ds = Q(Znsr, Wy, A),
)

where f is the density function of Law(Sp), and the parameterized kernel
Q is given by Q(z,w,A) =P [(w+ S — z), € A]. O
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ERGODICITY AND STABILITY OF MCRES

ASSUMPTION (FOSTER*LYAPUNOV—TYPE DRIFT CONDITION)

A) There exist measurable functions V,K,~ : Ry — R, such that
[ v6)Q0x.ds) < 20)V() + K() ey € B
0

B) Furthermore, 5 := limsup,,_, . E¥/" (K(Yo) [Ti_; v(Y%)) < 1.

ASSUMPTION (MINORIZATION CONDITION)

A) For some 0 < ¢ < 1/5'/2 — 1, there is a measurable function
a: Ry — (0,1) and a probability kernel k : Ry x B(R1) — [0,1] such
that, for ally € Ry, A€ B(Ry), and R(y) = 254

inf Qly,x,A) > (1 —« k(y,A).
vl o (v, x,A) = (1 = a(y))s(y, A)

B) Furthermore, lim,_, o R/ [2(Y5)"] = 0 holds for some 0 < 6 < 1.
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ERGODICITY AND STABILITY OF MCRES

THEOREM

Under our assumptions, there exists a probability law p,. € P such
that

dry(Law(Xy), =) < Co (/ + ZE@[am(vo)])
k=n

holds for all n € N, with some Cy, v, > 0, where k := ﬁ.
If'Y is ergodic, then for any bounded and measurable ® : R, — R

O(X1) + ... + (Xn)

—>/X<D(z),u*(dz), n— 0o

holds in probability.
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WE PROVE THE G;/G/1/0co CASE.

The analogue statement for G/G;/1/0c0 queuing can be proved
along similar lines.

Let us recall the assumptions:

e The sequence of inter-arrival times (Z,)ncz is bounded,
stationary, ergodic, and satisfies the G-Ec.
@ The sequence of service times (S,)nez is

o i.i.d. and independent of (Z,)nez.

o 3By > 0 E[eP%] < oo,

o L(Sp) has a density s — f(s) (w.r.t. the Lebesgue measure)
which is bounded away from 0 on compact subsets of R .

The following lemmas ensure that both the Foster-Lyapunov drift
condition and the minorization condition holds.
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LEMMA (DRIFT CONDITION, PART A))

For B > 0, we define V(x) = e — 1. Then
| Vi£1a0x.d9) < 1)V + ) xoy € R

holds with K(z) := v(z) := e 7K (eBso).

PROOF.

/Ooo V(s)Q(y,x,ds) = E (eB(XJrSosz _ 1) <E (eg(x+5072))

— e PR (eﬁ_s°> V(x)+ e PR (eBS(’)
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LEMMA (DRIFT CONDITION, PART B))

There exists 5 > 0 such that

3 := limsup EY/" (K(Zo) H 7(Zk)> <L

n—oo k=1

ProOOF.
An equivalent formulation of the statement is

n 1 2 n
38 > 0 s.t. limsup —logE [eBijl(sjij)} <0,

n—oo [N

we define =:\y(5)

where these A\, are convex, moreover the point-wise limit
A(B) = limn_yo0 An(B) = T(—B) + log E (e7%0) exists and finite for
18] < min(n, Bo/2).
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PrOOF (CONT.)
For 0 < 8 < min(n, Bo/2), we define

Un(B) == ;}E <eﬁz;:1(sffzf) - 1) .

By the Lagrange mean value theorem and measurable selection,
there exists a random variable £,(3) € [0, 5] such that

n

Ua(B) =E | [ DO(S - Z)) | D 2malsm2)

Jj=1
which is integrable. Hence reverse Fatou's lemma shows that
n

limsupp(8) <E Z(Sj —Zj)| = nE(So — Zp) < 0.
B—0+

j=1
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PrOOF (CONT.)
From this follows that, for all n > 1,

N (0) < E(So — Zo) < 0.
By the Gartner-Ellis-type property of (Z,)qen,
An(B) = A(B) for 0 < B < min(n, 5o/2).

Furthermore, the convexity of A,s implies that A, (0) — \'(0)
hence A'(0) < 0.

To sum up, we obtained
A(0)=0and \(0) <0

which shows that there exists 3 > 0 satisfying A(3) < 0 which
proves our claim. []
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LEMMA (MINORIZATION CONDITION, PART A))
Let M > 0 be such that Ran(Z) C [0, M], and e = L (3%/2 —1).
Then there exists h > 0 and a € (0, 1) such that

inf Q(z,w,A) > (1 —a)Leb(AN[h,h+1
vy Qe A) > (L= a)leb(AD [h -+ 1)

PROOF.
Observe that R(z) = 2K(z)/(ey(z)) = 2/e does not depend on z.

-1 Lioe (2
weV ([O,R(z)])@OSWSBIg<€+1>

Let h:= (1/5)log(2/e + 1). So, we can write

f A inf P So — €A
WIEr[IOh Qz, w. A) = wel0.f (w+S0—2), €4)
> inf P(w+S —z€A)

we[0,h]
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PROOF(CONT.)

inf P(w+S —z€A)= inf /f(s—l—z—w)ds
welo,h] welo, h]
A

> inf / f(s+z—w)ds
we[0,h]
AN[h,h+1]

> inf f Leb(AN[h, h+1]),
> | ot )| rebtanta b )
where we used that f : [0,00) — (0, 00) is bounded away from zero

on [0, M 4+ h — 1] which is a fixed compact set since M and h
depends only on the distribution of Sy and Zp.

So, the minorization condition holds with _
a=1—inf,conmyn-1)f(v) and h:=(1/8)log(2/c + 1). O
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LEMMA (MINORIZATION CONDITION, PART B))

lim 00 B/ [a(Z5)"] = 0 for some 0 < 6 < 1.

PROOF.

In our case 0 < o < 1 is a constant hence the claimed identity
trivially holds for any 0 < 6 < 1. O

Thank you for your attention!
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FIGURE: Police dogs in China queuing up for their food.?

2The picture is taken from
https://www.awesomeinventions.com/queueing-police-dogs-in-china/
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